Abstract. We study the spectrum of rank 2 torsion free sheaves on P 3 with aim of producing examples of distinct irreducible components of the moduli space with the same spetrcum answering the question presented in [15] for the case of torsion free sheaves. In order to do so, we provide a full description of the spectrum of the sheaves in the moduli space of semistable rank 2 torsion free sheaves on P 3 with Chern classes (c 1 , c 2 , c 3 ) equals to (−1, 2, 0) and (0, 3, 0).
Introduction
The question about the number of irreducible components of the moduli space of stable rank 2 locally free sheaves had attracted the attention of the mathematical community during the late 80s and early 90s. During this period several results were obtained, for moduli space with small Chern classes, (see [2] , [3] , [8] , [10] , [13] for some examples).
Usually to obtain such results the approach is to characterize irreducible components inside the moduli space, and then to prove that the components found are the only possible. The second task, that is, the exaustion of all irreducible components are often the most challenging part of the problem. To deal with this problem Barth and Elencwajg in [4] introduced the notion of spectrum of a locally free sheaf, that was generalized to 1 rank 2 reflexive sheaves by Hartshorne in [7] , and later for torsion free sheaves with arbitrary rank on P n by Okonek and Spindler in [14] . The spectrum assigns to each torsion free sheaf a finite number of intergers satisfying some properties (see Section 1 for details), and one of their most important feature is that they provide a tool to systematic exhaust all possible families of sheaves in the moduli space.
In [15] , Rao proposed the following problem "Is it possible to find two different irreducible components of the moduli space of locally free sheaves with the same spectrum?"
He presented two different families of locally free sheaves with the same spectrum, but, as he pointed out, he did not proved that these families are actually irreducible components of the moduli space, and at the best of our knowlodge this question remains open until nowdays.
In this work we will focus on this question for the case of torsion free sheaves, where we will answer Rao's question positively, by studying the spectrum of the irreducible components of the moduli space of semistable rank 2 torsion free sheaves on P 3 with small second Chern classes.
Next we outline the contents of this work. In Section 2 we recall the notion of spectrum for rank 2 torsion free sheaves and some of its properties obtained by Okonek and Spindler at [14] , and we obtain a relation between the spectrum of a rank 2 torsion free on P 3 and the number s E = h 0 (Ext 2 (E, O P 3 )). In Section 3, we study the relation between the singularity type of a torsion free sheaf E (see Definition8) and the number
Finally in Section 4 we compute all the possible spectrum for the sheaves in M(c 1 , c 2 , c 3 ), the moduli space of rank 2 Gieseker semistable torsion free sheaves on P Notation and Conventions. In this work, K is an algebraically closed field of characteristic zero ; P 3 := Proj(K[x, y, z, w]). We will not make any distinction between vector bundles and locally free sheaves, and H i (F ) will denote the i-th cohomology group of the sheaf F on P 3 , and h i (F ) its dimension.
The spectrum of torsion free sheaves
In this section we will present the definition of spectrum given by Okonek and
Spindler in [14] , and their main properties.
The following result, ensures the existence of spectrum for torsion free sheaves, and is stated in a more general form in [14, Thm 2.3 ], but we adapt it here in order to better suit our purposes. and spectrum
At this point, it is still not clear how many elements a sheaf can have in its spectrum. The next chain of results will prove that, for a semistable sheaf, one has c 2 = m where m is the number of elements in the spectrum of E and c 2 its second Chern class.
Proposition 3. Let E be a torsion free sheaf on P 3 , with spectrum
and H ⊆ P 3 a generic hyperplane. Then we have: 
Proof. Since E is a normalized stable rank 2 torsion free sheaf on P 3 , we have that the splitting type of E is either (−1, 0), if c 1 (E) = −1 or (0, 0), if c 1 (E) = 0. By Proposition 3 is enough to prove that c 2 (E) = χ(F H (−1)).
Fix a generic hyperplane H ⊂ P 3 . Consider the sequence of restriction
Tensoring this sequence by E(−1), one has that
and computing the Euler characteristic, we have that
In the last equation we use the fact that T or 1 (E, O H ) is a 0-dimensional sheaf.
Using the semistability of E, and the sequence (4) one sees that
what give us the result.
Combining Propositions 3 and 2, we have the following.
Proposition 5. Let E be a normalized, semistable torsion free sheaf on
Then the following equalities are true.
Proof. For the item a), since c 1 ((E) = −1, recall that by Hirzenbruch-Riemann-Roch, the
using this, and the fact that m = c 2 (E) in Proposition 2 we have that
The proof of item b) is analogous, just recall that the Euler characteristic of E is
For any torsion free sheaf on P 3 , there exists a exact sequence of the form
where F is a locally free sheaf, and R a reflexive sheaf. Applying the functor Hom(−, O P 3 )
in the sequence (6), one has that
. Hence the support of the sheaf Ext 2 (E, O P 3 ) is zero dimensional. Therefore, it is possible to find a hyperplane H ⊂
Using these notations it is possible to obtain the following result, that give us numerical properties for the spectrum of a sheaf. The next proposition, together with Proposition 2 will be useful when computing all possible spectrum for sheaves with fixed Chern classes.
Proposition 6. Let F be a rank 2 torsion free sheaf on P 3 , with splitting type (a 1 , a 2 )
and spectrum
Appears in the spectrum.
Additionally, if F is reflexive then it holds:
If we consider semistable torsion free sheaves then their Chern classes determine the splitting type, and by Proposition 2, it determines the number of possible elements in the spetrum, and hence it determines all possible sequence of integers that can be the spectrum of some torsion free sheaf. In [9] the authors investigated this question, and
proved that for c 1 = 0 and c 2 up to 19 any sequence of integers satisfying the properties of Proposition 6, occurs as the spectrum of some locally free sheaf on P 3 (see [9] ). It is still not known if the same is true for Chern classes greater than 19, and it would be interesting to determine when a sequence of integers can be the spectrum for some sheaf.
We end this section with a upper bound for the number
is a torsion free sheaf with c 3 (E) = 0. 
Proof. We will prove a), the item b) is analagous. Let E be a normalized semistable rank 2 torsion free sheaf on P 3 with c 3 (E) = 0 such that
). By 5, we have
is the spectrum of E. Given a sequence of integers (n 1 , ..., n c 2 ) satisfying the properties of Proposition 6, the maximum value of −
from where follows our result.
In Section 4 we will see that the above inequality is not sharp for sheaves on P 3 ,
with Chern classes (−1, 2, 0). But, we do not know if these bounds are sharp for other values of Chern classes.
Spectrum and singularity type of a torsion free sheaf
In this section we will study the relation between the singularities of a torsion free sheaf E and the number s E = h 0 (Ext 2 (E, O P 3 )). First we will recall the notion of singularity type of a torsion free sheaves.
Definition 8. Let E be a torsion free sheaf on P 3 , and set Q E := E ∨∨ /E, which we assume to be nontrivial; we have the following short exact sequence:
and say that E has
(2) 1-dimensional singularities if Q E has pure dimension 1;
Given a normalized rank 2 semistable sheaf on P 3 , with 0-dimensional singularities, we will prove next that the number s = h 0 (Ext 2 (E, O P 3 )) is bounded by a formula depending only on the Chern classes of the sheaf. This result will help us to characterize all possible spectrum for sheaves with fixed Chern classes.
Proposition 9. Let E be a normalized semistable rank 2 torsion free sheaf on P 3 , with 0-dimensional singularities and Chern classes (e, c 2 , 0).
Then it holds:
Moreover, these bounds are sharp.
Proof. First we will prove a). Let E be as in the conditions of the theorem, and e = 0.
Assume by contradiction that s ≥ c 2 2 − c 2 + 2 2 + 1. Since E is a torsion free sheaf, it fits in sequence of the form
where Q E is an artinian sheaf with length s. It follows that the toal Chern polyonomial To see that the bounds are sharp, for the item a) consider F ∈ R(0, c 2 , c 2 2 − c 2 + 2), and let S be the disjoint union of c 2 2 − c 2 + 2 2 distinct points p i ∈ P 3 , such that p i ∈ Sing F .
Then there exists a surjective morphism ϕ : F → O S . It is easy to check that E := ker ϕ is a semistable rank torsion free sheaf in M(0, c 2 , 0) with such that E ∨∨ ≃ F , and Q E ≃ O S , therefore, s = length Q E = c 
The next result characterizes when a sheaf E has pure 1-dimensional singularities in terms of the number s E . 
Proof. Consider the exact sequence
applying the functor Hom(−, O P 3 ) in the sequence (8) one sees that Ext
. Using local to global spectral sequence in the group Ext
). Therefore by Grothendieck-Serre-Duality we have that s E = H 0 (Q E (−4)). Now, let Z E ⊂ Q E be the maximal 0-dimensional subsheaf of Q E , and T E = Q E /Z E . We have the following exact sequence:
Now, if s E = 0, then using the long exact sequence of cohomology in the sequence (9), we see that H 0 (Z E (−4)) = 0 since H 0 (Q E (−4)) = s E = 0. Which is a contradiction since Z E has finite length. On the other hand, if E is pure of dimension one, then, applying the long exact sequence of cohomology in the sequence (8), one has that H 0 (Q E (t)) ≃ H 1 (E(t)), for t << 0, since Q E is supported on a pure 1-dimensional scheme, H 0 (Q E (t)) = 0 for t << 0, and therefore, s E = 0.
Applications to Moduli Spaces
In this section we will study the behaviour of the spectrum of torsion free sheaves in the different irreducible components of their moduli spaces. We will show that if we allow torsion free sheaves instead of locally free sheaves, then there are examples of different irreducible components with the same spectrum. We will recall some results from [1] that will be used here. sheaf E ∈ X(e, n, m, r, s) satisfies fits into an exact sequence of the form
where F ∈ R * (e, n, m), O S = ⊕ and Q E is supported on a line.
c) The irreducible component T(−1, 2, 2, 1) of dimension 15 described in Theorem 12,  whose generic sheaf is a torsion free sheaf E such that E ∨∨ ∈ R(−1, 2, 2) and Q E is a length 1 sheaf.
d) The irreducible component T(−1, 2, 4, 2) of dimension 19 described by the Theorem 12, whose generic sheaf is a torsion free sheaf E such that E ∨∨ ∈ R(−1, 2, 4) and Q E is a length 2 sheaf, supported at two distinct points.
Proof. See 
Moreover, all the possible spectrum for a sheaf E ∈ M(−1, 2, 0) are in the above table.
Proof. Let E be the generic sheaf in C(2). Then, E is obtained by the extension of two disjoint irreducible conics Y , via Hartshorne Serre's Correspondence:
where I Y is the ideal sheaf of Y . Twisting the above sequence by O P 3 (t), and using the long exact sequence of cohomology, we conclude that the cohomology table of E is given by Table 2 . dim H i (E(k)) for the generic E ∈ C(2)
Therefore we conclude that its spectrum is (−1, 0).
Let E be the generic sheaf in X (−1, 1, 1, 1, 0) . By Theorem 11, E fits into an exact sequence of the form:
where l ⊂ P 3 is a line and F ∈ R(−1, 1, 1). By [1, Remark 1], any such F fits into an exact sequence of the form:
Twisting the two above sequence by O P 3 (t), and using their long exact sequence of cohomology, we conclude that the cohomology table of E is given by Table 3 . dim H i (E(k)) for the generic E ∈ X(−1, 1, 1, 1, 0)
Therefore we conclude that the spectrum of E is (−1, 0).
Let E be the generic sheaf in T(−1, 2, 2, 1), by Theorem 12, E fits into and exact sequence of the form
where F ∈ R(−1, 2, 2) and p ∈ P 3 , is a closed point such that p ∈ Sing F . Twisting the above sequence by O P 3 (t), and using its long exact sequence of cohomology, with help of [5, Table 4 . dim H i (E(k)) for the generic E ∈ T(−1, 2, 2, 1)
Therefore we conclude that the spectrum of E is (−1, −1).
Let E be the generic sheaf in T(−1, 2, 4, 2), by Theorem 12, E fits into and exact sequence of the form
where p, q ∈ P 3 , are different closed points such that p, q ∈ Sing F and F ∈ R(−1, 2, 4).
By [7, Lemma 9.5 ], any such F fits into an exact sequence of the form:
where Y is a conic in P 3 . Twisting the two above sequence by O P 3 (t), and using their long exact sequence of cohomology, we conclude that the cohomology table of E is given by Table 5 . dim H i (E(k)) for the generic E ∈ T(−1, 2, 4, 2)
Therefore we conclude that the spectrum of E is (−2, −1).
By Theorem 13, the above considerations exhausts all irreducible components of M(−1, 2, 0). Therefore now we shall show that the list of spectrum appearing in table 14 exhausts all possibilities. Indeed, Let E ∈ M(−1, 2, 0), by Proposition 2, the spectrum of E has the form (k 1 , k 2 ) for some integers k 1 , k 2 . Since E is semistable, the splitting type 
and the Ein component whose generic sheaf corresponds to those who can be obtained as the cohomology of a monad of the form:
In [12] the authors described the irreducible components of the moduli space an irreducible component, denoted by C whose generic sheaf E has singularities along a smooth plane cubic C and satisfies the following exact sequence:
where L is a line bundle over C with Hilbert polynomial
where ω C is the canonical sheaf of C.
Additionally, in [11] , the atuhors obtained 3 irreducible components whose general sheaves have mixed singularities. Those components can be obtained by the Theorem 11, and it is to check that X(0, 2, 2, 2, 0), X(0, 2, 4, 3, 0) and X(0, 2, 4, 2, 1) are irreducible components of M(0, 3, 0) with dimension 22, 24 and 26, respectively.
With the help of [5, 
